A relationship is proved between certain integers c primitively represented by a spinor genus of integral ternary quadratic forms and integers of the type ct 2 primitively represented by individual forms in the spinor genus. This relationship is shown to explain various representation properties observed in the literature.
There are numerous examples in the literature of pairs of integral ternary quadratic forms which lie in the same genus but which primitively represent different sets of integers according to certain congruence properties. For instance, consider the forms ), which are representatives of the two equivalence classes of a genus. / primitively represents an integer of the form 4ί 2 , t > 0, if and only if ίΞ-1 (mod 3), while g primitively represents such an integer if and only if t = 1 (mod 3) (see [12] ).
Recent work of Peters [10] indicates that the above-illustrated phenomenon is a consequence of the splitting of the genus into spinor genera. Much progress has been made in the study of spinor genus representations in the work of several authors which will be cited in detail below. However, for definite forms, for which there may be many equivalence classes within a single spinor genus, there remains the problem of relating the representations by the individual forms in the spinor genus to the representations by the spinor genus as a whole. It is this problem that we address in the present paper. The main result, appearing as Theorem 2.3, shows that under certain conditions a relationship holds between integers c primitively represented by a spinor genus and integers of the type ct 2 primitively represented by the forms in the spinor genus.
The behavior discussed here is unique to ternary forms in light of two major results. First, definite forms in 4 or more variables (primitively) represent all sufficiently large integers which are (primitively) represented by their genus. For a proof of this theorem, and its history, see [1] . Extensions of this result to representations of forms by forms, and to representations by quadratic lattices over number fields, are found in [3] . Secondly, indefinite forms in 4 or more variables (primitively) represent all integers (primitively) represented by their genus (see e.g., [12] , Theorem 53). As the equivalence class and spinor genus of such indefinite forms 326 A. G. EARNEST coincide, this latter result is a special case of general theorems on spinor genus representations. l Preliminaries* Throughout the present paper we will adopt the geometric language of quadratic spaces and lattices. Unexplained notations and terminology will follow that of [9] . Let (V, Q) be a 3-dimensional quadratic space over the field Q of rational numbers. All lattices considered will be Z-lattices on V for which Q(y) e Z for vectors v in the lattice.
The objects of study here will be the sets of integers Q(L), Q(gen (L)), and Q(spn (L)) which are represented by a lattice L, the genus gen (L) of L, and the spinor genus spn (L) of L, respectively. The corresponding sets for integers primitively represented will be denoted by Q*{L), Q*(gen(L)), and Q*(spn(L)), respectively. The following result relating Q(L) and Q(gen (L)) is well-known and is independent of the rank of L except to assume that the rank is at least 3. PROPOSITION 
(i) ceQ(gen(L)) if and only if cfeQ(L) for some integer t which is prime to 2d (d denotes the discriminant ofL).
(ii) ceQ*(gen(L)) if and only if ct 2 eQ*(L) for some integer t which is prime to 2d.
The remainder of this paper is largely an attempt to obtain results of a similar nature relating those integers c (primitively) represented by spn(L) and those integers of the form cf (primitively) represented by L itself. The above corollary is not true if Q* is replaced by Q throughout, as is shown by the following example, which was pointed out to the author by Professor Jones, who attributes it to G. Pall. but gr does not represent 1. However, the converse of Corollary 1.3 is true with Q* replaced by Q. This is easily seen by examining the corresponding matrices and we state it here without proof. and ceQ (&) , then it follows that ceQ(S^) for every spinor genus £f contained in gf. However, if the rank is 3 one can conclude only that c e Q(Sf) either for all ^ C ^ or for exactly half. This was shown for indefinite forms over the rationals by Jones and Watson [6] , for lattices over an algebraic number field it is a consequence of work of Kneser [7] , and a corresponding result for higher dimensional representations was obtained by Hsia [2] . The situation for primitive representations is analogous. In this section & will denote a genus of ternary lattices. We will call an integer c a (primitive) spinor-exception for & if c is (primitively) represented by <& but not by some spinor genus in gf. Note that the "exceptional integers" of Watson [12] , Ch. 7, are the primitive spinor-exceptional integers in our terminology. Necessary and sufficient conditions for (primitive) spinor-exceptionality have been determined by Schulze-Pillot [11] , extending the techniques of [2] . For later reference, we record these conditions here.
Let ceQ(^) where & is a genus of ternary lattices of discrimi-
where m is that squarefree integer in the rational square class of -cd. For any prime p, let N p denote the group of local norms N Ep/Qp (E P ), where P is a prime ideal of E lying over p. If ( , ) 
Let L be a lattice in &. The integer c is a spinor-exception for & if and only if the following conditions hold:
the second condition holding for all p (with the convention L^ -VJ) and the third for finite p. We will not need to compute the groups Θ(L P , c) explicitly, so we do not give their definition here (see [11] ). The necessity of conditions (i) and (ii) was observed already in [6] , [7] , and [2] . For primitive spinor-exceptionality, one needs only to replace Θ(L P , c) by a slightly different group 0*(L P , c). It is useful to note here that the only prime divisors of m must be divisors of
consists precisely of the unit square classes for all other primes p, and so condition (ii) forces those primes to be unramified in E/Q.
The conditions given above guarantee that the group index (J Q : P D NJQ) equals 2, where N={j e J Q : j p e N p for all p}. We say that a primitive spinor-exceptional c divides the spinor genera in gf into two c-half-genera. If c e Q*(spn (L)) for such an integer c, then c e Q*(spn (ΣL)) if and only if Θ(Σ) = jJ 2 Q with jeP D NJ% (i.e., under these conditions L and ΣL lie in the same c-half-genus).
For the ideles j(t) introduced in §1, this last condition can be expressed concretely in terms of the integer t. We denote by ( -) Proof. For any jβJ Q , it is a consequence of the Hubert Reciprocity Law that j e P Q N if and only if Π U P , m) P = 1> the product taken over all primes p. By the definition of j(t) and the condition gcd(t 9 Id) -1 (hence also gcd (ί, m) -1), this product reduces to the product taken over all primes p for which ord p t is odd, and this latter product is equal to the Jacobi symbol (m/ί). So the proof will be complete if we show that j(t) e P D NJQ is equivalent to j(t) e P Q N. In fact, we will show this to be the case for any j e J Q for which j^ > 0. Proof. It follows from the assumptions and Proposition 1.2 that c e Q*(spn (ΣL)) where j(t) e 0CΣ). If (m/ί) were equal -1 then j(t) % P D NJQ and spn (ΣL) would lie in the c-half-genus of ^ opposite from L. Then c £ Q*(spn (L)) contrary to assumption.
We now state and prove a partial spinor genus analogue to Proposition 1.1.
THEOREM 2.3. Suppose that c is a primitive spinor-exception for Sf and Leg 7 . Then c e Q*(spn (L)) if and only if ct 2 e Q*(L) for some t with t > 0, gcd (t, 2d) = 1, and (m/t) -1.
Proof. If c 6 Q*(spn (L)) then ct 2 e Q*(L) for some t with ί > 0 and gcd (t 9 2d) -1 by Proposition 1.1. That (m/t) = 1 then follows from Lemma 2.2. Conversely, if ct 2 e Q*(L) with t > 0, gcd (t, 2d) = 1 and (m/ί) = 1, then c is primitively represented by the c-half-genus of spn(L), hence by spn(L) itself.
We will illustrate the results obtained above by using them to analyze three specific examples from the literature. In each case the first step in the procedure is the identification of a primitive spinor-exceptional integer c. As the verifications of the conditions of (*) are routine for these examples, we will omit them. EXAMPLE 2.4. Consider the forms / = x 2 + xy + y 2 + 9z 2 and g = x 2 + 3(y 2 + yz + z 2 ). f and g are representatives of the two spinor genera of a genus, and 4 is a primitive spinor-exception for the genus. In this case, c -4, d = 27/4 and m = -3. Since 46 Q*(spn(flf)) it follows from Lemma 2.2 that M 2 eQ*(g) with t>0 and gcd(ί, 6) = 1 holds only for t such that ((-3)/ί) = 1 or, by quadratic reciprocity, t = 1 (mod.3). Moreover, by Theorem 2.3 4t 2 eQ*(f) for such integers t only when t = -1 (mod 3). In this specific example one can say more. Since all integers of the form At 2 , gcd (t f 6) = 1, are represented primitively by the genus and / and g are representatives of the only two equivalence classes in the genus, each of / and g must primitively represent all such integers which are permitted by the congruence conditions. EXAMPLE 2.5. (see [10] , p. 77) /= x 2 + 2y 2 + 64.17s 2 and g = (2x + zf + 2y 2 + 16.17z 2 are representatives of the two spinor genera of a genus, and 17 is a primitive spinor-exception. Now c = 17, d = 2U7 and m = -2. For t > 0, gcd(ί, 34) = 1, 17ί 2 lies in Q*(/) only when (( -2)/t) = 1; that is, when t = 1 or 3 (mod 8) (note that /(3, 2, 0) = 17, so that 17 6 Q*(spn (/))). Similarly, such 17ί 2 lie in Q*(flO only when ί = -1 or -3 (mod 8). EXAMPLE 2.6. (see [5] , p. 191) / = x 2 + %y 2 + 36s 2 and g = 3x 2 + 4τ/ 2 + 9s 2 are representatives of the two spinor genera of a genus with 1 as a primitive spinor-exceptional integer. Here c = 1, d -108 and m = -3. Since 1 e Q*(/) we have ί 2 e Q*(/) implies ί = 1 (mod 3) for t > 0, gcd(ί, 6) = 1, and t 2 eQ*(g) implies t = -1 (mod 3). As in Example 2.4, we can again draw the stronger conclusion that all of these integers are indeed primitively represented by the appropriate CONGRUENCE CONDITIONS ON INTEGERS 331 form. We note also that Jones and Pall determined all integers represented (not necessarily primitively) by these forms. In fact, / is a "regular" form, that is, Q(f) = Q(gen (/)), and Q(g) = Q(geτi(g)) -{t 2 : t > 0 and all prime factors of t are =1 (mod 3)}. REMARK 2.7. As there are not effective spinor-generic invariants known at the present time, we note here that in special cases primitive representations can be used for the purpose of determining the spinor genus of a given form. Observe first that the identification of primitive spinor-exceptional integers, if any, for a genus is essentially a local problem due to the nature of the conditions (*). Assuming the existence of such an integer c, one can determine whether two given forms in the genus lie in the same c-half-genus by producing single integers of the type cf, with gcd (t, 2d) = 1, primitively represented by the forms. In the special case when there are only two spinor genera in the genus, this gives a procedure for determining to which spinor genus a given form belongs.
3* The role of exceptional integers* It was mentioned in our introductory remarks that the work of Peters in [10] indicates that the representation properties studied in this paper are the results of the splitting of the genus into spinor genera. More specifically, it is shown there under the assumption of a suitable generalized Riemann hypothesis that a positive definite ternary form in a genus consisting of a single spinor genus (primitively) represents all sufficiently large integers (primitively) represented by its genus. The methods employed in that paper follow those used extensively by Linnik and Malyshev in work which is described in [8] .
The arguments in fact show that a positive definite ternary form whose genus contains more than one spinor genus still represents all sufficiently large integers represented by its genus with the possible exception of those which satisfy the condition (ii) of (*) for all finite primes p. Note that if an integer c violates such a condition, then every integer of the type ct 2 does so as well. In that case all sufficiently large integers of this type are represented by every form in the genus. There is thus a gap between this theory and the present work in that nothing is said by either concerning those integers ct 2 where c is not a primitive spinor-exception but which still satisfies (ii) of (*) for all finite primes p. Peters comments ( [10] , p. 77) that he does not know whether the results of his paper remain true if only the primitive spinor-exceptional integers are excluded rather than the larger set.
From the approach taken in this paper it is natural to ask whether there are cases of ternary genera having more than one spinor genus but for which there are no primitive spinor-exceptional integers. We close this section with two examples showing that this can indeed be the case, both for definite and indefinite forms. Note that the second example shows a pair of inequivalent indefinite forms which lie in the same genus and primitively represent the same set of integers. EXAMPLE 3.1. The genus of the form /== x 2 + Πy 2 + 17V contains two spinor genera. Consider the possible extensions E that could arise from spinor-exceptional integers c. Since / is positive definite the value of m occurring must be negative. By the condition (ii) of (*) the only finite prime that can ramify in E is 17. But 2 ramifies in both Q(i/-1) and Q (V-17) , thus eliminating all potential E's. Note that not only is no c e Q*(gen (/)) spinor-exceptional, but none satisfies (ii) of (*). So by the above remarks c e Q*(/) for all sufficiently large c from Q*(gen (/)). To satisfy (i) and (ii) of (*), c is not a square and no finite prime different from p 0 ramifies in E. In addition, the condition at °° requires that E is a real quadratic field. So c must be of the form p Q k 2 for some integer k. A computation of the group Θ*(L PQ , p 0 k 2 ) for the corresponding lattice L shows this group to be equal to Q Po which is not equal to the group of local norms at p 0 since p 0 ramifies in E = Q(V r Po). So the integers of the form p 0 k 2 also fail to be spinorexceptional, thus eliminating all possibilities. 4* Residues modulo a prime* The study of ternary representation properties appears to have been the primary motivation behind the introduction of the notion of the "quasi-genus" by Jones in [4] , The definition of the quasi-genus depends upon the idea of a prime "exceptional" for a form /. Here the word exceptional is used in a sense different from that of Watson, and refers to the property that all integers which are prime to 2d and occur as denominators of automorphs of / are quadratic residues modulo this prime. A prime p is said to have "property A" for the ternary form / if / primitively represents some integer c, and whenever / primitively represents cs 2 and ct 2 , with s and t positive and prime to 2c£, there holds (s/p) = (tip). For instance, the prime 3 has property A for both forms / and g of Example 2.4. REMARK 4.1. Suppose that c is a primitive spinor-exception for a given genus, and suppose that the condition (m/t) -1 reduces via quadratic reciprocity to a residue condition on t modulo a single prime p 0 . Given any / in the genus, there exists some t prime to 2d so that ct 2 e (?*(/). The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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